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Abstract
We revisit the tree–level closed superstring amplitude and identify its α′–expansion
as series with single–valued multiple zeta values as coefficients. The latter represent a
subclass of multiple zeta values originating from single–valued multiple polylogarithms at
unity. Moreover, the α′–expansion of the closed superstring amplitude can be cast into the
same algebraic form as the open superstring amplitude: the closed superstring amplitude
essentially is the single–valued version of the open superstring amplitude. This fact points
into a deeper connection between gauge and gravity amplitudes than what is implied by
Kawai–Lewellen–Tye relations. Furthermore, we argue, that the Deligne associator carries
the relevant information on the closed superstring amplitude. In particular, we give an
explicit representation of the Deligne associator in terms of Gamma functions modulo
squares of commutators of the underlying Lie algebra. This form of the associator can be
interpreted as the four–point closed superstring amplitude.
1. Introduction
During the last years a great deal of work has been addressed to the problem of re-
vealing and understanding the hidden mathematical structures of scattering amplitudes
in both field– and string theory, for a recent review cf. [1]. Particular emphasis on the
underlying algebraic structure of amplitudes seems to be especially fruitful and might
eventually yield an alternative way of constructing perturbative amplitudes by methods
residing in arithmetic algebraic geometry. In particular, studying motivic aspects of am-
plitudes has dramatically changed our view of how to write amplitudes in terms of simple
objects, cf. [2] for an early and [3] for a recent reference. Although motivic amplitudes
seem to be mathematically more complicated, they are much more structured, organized
and canonical objects.
In perturbative string theory, it is the dependence on the inverse string tension α′, i.e.
the nature of the underlying string world–sheet describing the string interactions, which
provides an extensive and rich structure in the analytic expressions of the amplitudes.
Some of the motivic concepts have recently matured in describing tree–level superstring
amplitudes [4]. By passing from the multiple zeta values (MZVs) entering as coefficients
in the α′–expansion of the amplitude to their motivic versions [2,5] and then mapping
the latter to elements of a Hopf algebra reveals the motivic structure of the superstring
amplitude. In this way the motivic superstring amplitude becomes a rather simple and
well organized object. At the same time it is completely insensitive to a change of the
basis of the underlying MZVs.
Perturbative gauge and gravity amplitudes in string theory seem to be rather different
due to the unequal world–sheet topology of open and closed strings. Although in prac-
tice some properties of scattering amplitudes in both gauge and gravity theories suggest
a deeper relation originating from string theory, it is not clear how and whether more
symmetries or analogies between open and closed string amplitudes can be found. Finding
more connections between open and closed string amplitudes is one aim of this article.
In Ref. [4] the closed superstring tree–level amplitude has been presented and it has
been observed, that in contrast to the open string case only MZVs of a special class show
up in its α′–expansion. In Section 2 we revisit the tree–level closed superstring amplitude
and identify the coefficients of its power series in α′ as single–valued multiple zeta values
(SVMZVs). The latter represent a subclass of MZVs originating from single–valued mul-
tiple polylogarithms (SVMPs) at unity [6,7]. We find, that the α′–expansion of the closed
superstring amplitude can be obtained from that of the open superstring amplitude by
simply replacing MZVs by their corresponding SVMZVs. In his recent work [8] Brown has
introduced the map sv, which maps the algebra of non–commutative words describing the
open superstring amplitude to a smaller subalgebra, which describes the space of SVMZVs.
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In Section 3 we find, that the closed superstring amplitude essentially follows from the open
superstring amplitude by applying this map sv. The Drinfeld associator [9,10], which is an
infinite series in two non–commutative variables with coefficients being MZVs, has been
argued to be the generating function of the open superstring amplitudes [11,12]. In Sec-
tion 4 we identify the Deligne associator [13], which has SVMZVs as coefficients in its
series, to be the relevant object describing closed superstring amplitudes. Furthermore,
we give an explicit representation of the Deligne associator in terms of Gamma functions
modulo squares of commutators of the underlying Lie algebra and this form can be inter-
preted as the four–point closed superstring amplitude. Finally, in Section 5 we give some
concluding remarks.
2. Closed superstring amplitudes and single–valued multiple zeta values
In this Section we want to illuminate the observations on the α′–expansion of the
graviton amplitude [4] in view of Browns recent work on SVMZVs [8]. We shall find a
striking similarity between the open superstring amplitude A and the closed superstring
amplitude M thus giving rise to a new relation between gauge and gravity amplitudes.
The string world–sheet describing the tree–level string S–matrix of N gravitons has
the topology of a complex sphere with N insertions of graviton vertex operators. Of the
latter N − 3 are integrated on the whole sphere leading to the following type of complex
integrals N−2∏
j=2
∫
zj∈C
d2zj
 ∏
1≤i<j≤N−1
|zi − zj |
sij (zj − zi)
nij , (2.1)
with z1 = 0, zN−1 = 1, zN = ∞, the set of integers nij ∈ Z and the real numbers
sij = α
′(ki + kj)
2 = 2α′kikj . The latter describe the
1
2N(N − 3) independent kinematic
invariants of the scattering process involving N external momenta ki, i = 1, . . . , N and α
′
is the inverse string tension. The integrals (2.1) can be considered as iterated integrals on
P1\{0, 1,∞} integrated independently on all choices of paths.
One of the key properties of graviton amplitudes in string theory is that at tree–level
they can be expressed as sum over squares of (color ordered) gauge amplitudes in the left–
and right–moving sectors. This map, known as Kawai–Lewellen–Tye (KLT) relations [14],
gives a relation between a closed string tree–level amplitudeM involving N closed strings
and a sum of squares of (partial ordered) open string tree–level amplitudes. We may write
these relations in matrix notation as follows
M(1, . . . , N) = At S A , (2.2)
2
with the vector A encoding a basis of (N − 3)! open string subamplitudes and some
(N − 3)!× (N − 3)! intersection matrix S. The KLT relations are insensitive to the com-
pactification details and the amount of supersymmetries of the superstring background.
Hence, the following discussions and results on N–graviton tree–level scattering are com-
pletely general. Since open superstring amplitudes A are needed to describe the closed
superstring amplitude M, in the following let us first review some aspects of open super-
string amplitudes.
Tree–level scattering of N open strings involves (N − 3)! independent color ordered
subamplitudes [15,16]. The latter can be collected in an (N − 3)!–dimensional vector A,
which can be expressed as [17,4]
A = F A , (2.3)
with the (N − 3)!–dimensional vector A encoding the Yang–Mills basis and the period
matrix F , given by1 [4]
F = P Q : exp
∑
n≥1
ζ2n+1 M2n+1
 : , (2.4)
with the (N − 3)!× (N − 3)! matrices
P = 1 +
∑
n≥1
ζn2 P2n , P2n = F |ζn2
,
M2n+1 = F |ζ2n+1 ,
(2.5)
and:
Q := 1 +
∑
n≥8
Qn = 1 +
1
5
ζ3,5 [M5,M3] +
{
3
14
ζ25 +
1
14
ζ3,7
}
[M7,M3]
+
{
9 ζ2 ζ9 +
6
25
ζ22 ζ7 −
4
35
ζ32 ζ5 +
1
5
ζ3,3,5
}
[M3, [M5,M3]] + . . . .
(2.6)
Above we have have adapted to the following definition of MZVs
ζn1,...,nr := ζ(n1, . . . , nr) =
∑
0<k1<...<kr
r∏
l=1
k−nll , nl ∈ N
+ , nr ≥ 2 , (2.7)
1 The ordering colons : . . . : are defined such that matrices with larger subscript multiply ma-
trices with smaller subscript from the left, i.e. : Mi Mj :=
{
Mi Mj , i ≥ j ,
Mj Mi , i < j .
The generalization
to iterated matrix products : Mi1Mi2 . . .Mip : is straightforward.
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with r specifying the depth and w =
∑r
l=1 nl denoting the weight of the MZV ζn1,...,nr .
Furthermore, we have used the MZV basis constructed in [18]. Note, that for any N the
tree–level open superstring amplitude assumes the form (2.3) with (2.4). The only ingredi-
ents are the (N −3)!× (N −3)! matrices P2n and M2n+1, whose entries are polynomials in
degree 2n and 2n+1 in the kinematic invariants sij , respectively. For different N the ma-
trices P2n and M2n+1 have been thoroughly investigated in [19]. Moreover, the form of the
expressions (2.4), (2.5) and (2.6) is bolstered by the algebraic structure of motivic MZVs
and their decomposition [5]. In fact, the operator F is isomorphic to the decomposition
operator of motivic MZVs [4].
Applying the open string results (2.4) to the graviton amplitude (2.2) gives rise to [4]:
M = At G A , (2.8)
with the matrix2
G = F t S F = S0
exp
 ∑
r∈2N++1
ζr M
t
r

t Q˜ Q exp
 ∑
s∈2N++1
ζs Ms
 , (2.9)
and the intersection form S0 defined by:
S0 = P
t S P . (2.10)
An other interpretation of S0 is, that it makes sure, that the field–theory limit of the
graviton amplitude (2.8) is correctly reproduced: M(1, . . . , N)|α′→0 = A
t S0 A, i.e.
G|α′→0 = S0.
It has already been observed in [4] (extending the results [20]), that one implication
of the specific form of (2.9) is, that only a certain subclass of MZVs appears in the α′–
expansion of the graviton amplitude (2.8). In fact, in Eq. (2.9) the product Q˜Q is given
by [4]
Q˜ Q = 1 + 2 Q11 + 2 Q13 + 2 Q15 + . . . , (2.11)
with Q˜ = Q |Q(r)→(−1)r+1Q(r) and Q(r) any nested commutator of depth r appearing in
(2.6). As a consequence the product (2.11) is free of odd powers in even depth commutators
Q(2n). Furthermore, the specific form of (2.9) involves, that MZVs of even weight or depth
≥ 2 only enter through the product (2.11) starting at weight w = 11 [4].
2 Note, that the transpositions involved in the expression
(
: exp
{∑
r
ζr M
t
r
}
:
)t
lead to a
reversal of the matrix multiplication order compared to the ordered product : exp
{∑
s
ζs Ms
}
:
without transposition, i.e. :
(
: exp
{∑
r∈2N++1
ζr M
t
r
}
:
)t
= 1+ζ3M3+ζ5M5+
1
2
ζ23M
2
3 +ζ7M7+
ζ3ζ5M3M5 +
1
6
ζ33M
3
3 + ζ9M9 +
1
2
ζ25M
2
5 + ζ3ζ7M3M7 +
1
2
ζ23ζ5M
2
3M5 + ζ11M11 + . . . .
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The subclass of MZVs appearing in (2.9) can be identified as single–valued multiple
zeta values
ζsv(n1, . . . , nr) ∈ R (2.12)
originating from single–valued multiple polylogarithms at unity and studied recently in [8]
from a mathematical point of view. Let us now illuminate (2.9) in view of this subclass of
MZVs. The numbers (2.12) satisfy the same double shuffle and associator relations than
the usual MZVs and many more relations [8]:
ζsv(2) = 0 ,
ζsv(2n+ 1) = 2 ζ2n+1 , n ≥ 1 .
(2.13)
Furthermore, for instance we have computed:
ζsv(3, 5) = −10 ζ3 ζ5 ,
ζsv(3, 7) = −28 ζ3 ζ7 − 12 ζ
2
5 ,
ζsv(3, 3, 5) = 2 ζ3,3,5 − 5 ζ
2
3 ζ5 + 90 ζ2 ζ9 +
12
5
ζ22 ζ7 −
8
7
ζ32 ζ
2
5 ,
ζsv(3, 9) = −54 ζ3 ζ9 − 42 ζ5 ζ7 ,
ζsv(5, 7) = −84 ζ3 ζ9 − 63 ζ5 ζ7 , (2.14)
ζsv(1, 1, 4, 6) =
6397
36
ζ3 ζ9 +
1597
8
ζ5 ζ7 +
4
3
ζ43 ,
ζsv(3, 5, 5) = 2 ζ3,5,5 + 10 ζ5 ζ3,5 + 50 ζ3 ζ
2
5 + 275 ζ2 ζ11 + 20 ζ
2
2 ζ9 ,
ζsv(3, 3, 7) = 2 ζ3,3,7 + 12 ζ5ζ3,5 − 14 ζ
2
3ζ7 + 60 ζ3ζ
2
5 + 407 ζ2ζ11 +
112
5
ζ22ζ9 −
64
35
ζ32ζ7.
The matrix (2.9) can be written purely in terms of SVMZVs (2.12) as follows:
G = S0
(
1 + ζsv(3) M3 + ζsv(5) M5 +
1
2
ζsv(3)
2 M23 + ζsv(7) M7
+
1
2
ζsv(3) ζsv(5) {M3,M5}+ ζsv(9) M9 +
1
3!
ζsv(3)
3 M33
+
1
2
ζsv(5)
2 M25 +
1
2
ζsv(3) ζsv(7) {M3,M7}
+Qsv(11) + ζsv(11) M11 +
1
8
ζsv(3)
2 ζsv(5) {M3, {M3,M5}}
+
1
4!
ζsv(3)
4 M43 +
1
2
ζsv(3) ζsv(9) {M3,M9}
+
1
2
ζsv(5) ζsv(7) {M5,M7}+Qsv(13) + ζsv(13) M13 (2.15)
+
1
8
ζsv(3)
2 ζsv(7) {M3, {M3,M7}}+
1
4
ζsv(3) ζsv(5)
2 {M3,M
2
5 }
5
+
1
2
ζsv(3) {M3, Qsv(11)}+
1
2
ζsv(7)
2 M27 +
1
2
ζsv(3) ζsv(11) {M3,M11}
+
1
2
ζsv(5) ζsv(9) {M5,M9}+
1
48
ζsv(3)
3 ζsv(5) {M3, {M3, {M3,M5}}}+ . . .
)
,
with the Poisson bracket {A,B} = AB +BA and:
Qsv(11) =
{
1
5
ζsv(3, 3, 5) +
1
8
ζsv(3)
2 ζsv(5)
}
[M3, [M5,M3]] ,
Qsv(13) =
{
1
25
ζsv(3, 5, 5)−
1
4
ζsv(3) ζsv(5)
2
}
[M5, [M5,M3]] (2.16)
+
{
1
14
ζsv(3, 3, 7)−
3
35
ζsv(3, 5, 5) +
1
8
ζsv(3)
2 ζsv(7)
}
[M3, [M7,M3]] .
Note, that in (2.15) the terms (2.11) containing MZVs of even weight or depth ≥ 2
comprise into the expressions Qsv(n), which can be written purely in terms of SVMZVs.
In fact, we can go one step further by introducing the following homomorphism:
sv : ζn1,...,nr 7→ ζsv(n1, . . . , nr) . (2.17)
With (2.13) we have:
sv(ζ2) = ζsv(2) = 0 ,
sv(ζ2n+1) = ζsv(2n+ 1) = 2 ζ2n+1 , n ≥ 1 .
(2.18)
We can apply this map (2.17) to the period matrix F given in (2.4)
sv(F ) = sv(Q) : exp
∑
n≥1
ζsv(2n+ 1) M2n+1
 : , (2.19)
and obtain:
sv(F ) = 1 + ζsv(3) M3 + ζsv(5) M5 +
1
2
ζsv(3)
2 M23 + ζsv(7) M7
+ ζsv(3) ζsv(5) M5 M3 +
1
5
ζsv(3, 5) [M5,M3] + ζsv(9) M9 +
1
3!
ζsv(3)
3 M33
+ ζsv(3) ζsv(7) M7 M3 +
1
2
ζsv(5)
2 M25 +
(
3
14
ζsv(5)
2 +
1
14
ζsv(3, 7)
)
[M7,M3]
+
1
5
ζsv(3, 3, 5) [M3, [M5,M3]] +
1
5
ζsv(3) ζsv(3, 5) [M5,M3]M3
+ ζsv(11) M11 +
1
2
ζsv(3)
2 ζsv(5) M5M
2
3 + . . . . (2.20)
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By comparing the image (2.20) with the expression (in brackets) in (2.15) we find agree-
ment. In fact, in general we find:
G = S0 sv(F ) , i.e. : F
tSF = S0 sv(F ) . (2.21)
Thus, the effect of the kernel S is to project onto a constrained period matrix sv(F ). With
the equality (2.21) the graviton amplitude (2.8) becomes
M = At S0 sv(F ) A , (2.22)
which gives rise to the following relation between the (tree–level) open (2.3) and closed
(2.8) superstring amplitudes
M = At S0 sv(A) , (2.23)
with the intersection matrix S0 defined in (2.10) and the vector A of Yang–Mills subam-
plitudes introduced in (2.3).
To conclude, the closed superstring amplitude M is obtained from the open super-
string amplitude A through the map (2.17). In these lines the open superstring amplitude
(2.3) is the uniform form for describing both the gauge and gravity amplitudes.
3. Motivic open and closed superstring amplitudes
In this Section after presenting the Hopf algebra structure of the open and closed
superstring amplitude we look at the connection between the α′–expansion of the open
and closed superstring amplitudes at the level of their underlying Hopf algebra.
Motivic MZVs ζm are defined as elements of a certain algebra H =
⊕
w≥0Hw over Q,
which is graded for the weight and equipped with the period homomorphism per : H → R,
which maps ζmn1,...,nr to ζn1,...,nr , i.e. per(ζ
m
n1,...,nr
) = ζn1,...,nr . The motivic versions of the
SVMZVs (2.12) have been defined in [8] and are denoted by ζmsv(n1, . . . , nr). The latter
satisfy all motivic relations of MZVs and ζmsv(2) = 0 [8]. The motivic SVMZVs span a
subalgebra Hsv ⊂ H. There exist a homomorphism H → Hsv, which maps each ζmn1,...,nr
to ζmsv(n1, . . . , nr).
A list of generators of Hsvw up to weight w = 14 is collected in Tables 1–2 below.
w 2 3 4 5 6 7 8 9 10
H
sv
w − ζ
m
sv(3) − ζ
m
sv(5) ζ
m
sv(3)
2 ζmsv(7) ζ
m
sv(3) ζ
m
sv(5) ζ
m
sv(9) ζ
m
sv(5)
2
ζmsv(3)
3 ζmsv(3) ζ
m
sv(7)
dim(Hsvw ) 0 1 0 1 1 1 1 2 2
Table 1: Generators of H
sv
w for 2 ≤ w ≤ 10.
7
w 11 12 13 14
H
sv
w ζ
m
sv(11) ζ
m
sv(3) ζ
m
sv(9) ζ
m
sv(13) ζ
m
sv(3) ζ
m
sv(3, 3, 5)
ζmsv(3, 3, 5) ζ
m
sv(5) ζ
m
sv(7) ζ
m
sv(3, 5, 5) ζ
m
sv(3)
3 ζmsv(5)
ζmsv(3)
2 ζmsv(5) ζ
m
sv(3)
4 ζmsv(3, 3, 7) ζ
m
sv(7)
2
ζmsv(3)
2 ζmsv(7) ζ
m
sv(3) ζ
m
sv(11)
ζmsv(3) ζ
m
sv(5)
2 ζmsv(5) ζ
m
sv(9)
dim(Hsvw ) 3 3 5 5
Table 2: Generators of H
sv
w for 11 ≤ w ≤ 14.
Note, that the generators of Tables 1–2 are those, which appear in (2.15), subject to the
period map per.
To explicitly describe the structure of the algebraH Brown has introduced an auxiliary
algebra U , the (trivial) algebra–comodule [5]:
U = Q〈f3, f5, . . .〉 ⊗Q Q[f2] . (3.1)
The first factor U ′ = U
/
f2U is a cofree Hopf–algebra on the cogenerators f2r+1 in degree
2r+ 1 ≥ 3, whose basis consists of all non–commutative words in the f2i+1. The multipli-
cation on U ′ is given by the shuffle product III . The Hopf–algebra U ′ is the algebra of all
words constructed from the alphabet {f3, f5, f7, . . .} and is isomorphic to the space of non–
commutative polynomials in f2i+1. The element f2 commutes with all f2r+1. Again, there
is a grading Uk on U and we have the non–canonical isomorphism: H ≃ U . Furthermore,
there exists a morphism φ of graded algebra–comodules
φ : H −→ U , (3.2)
normalized by:
φ
(
ζmn
)
= fn , n ≥ 2 . (3.3)
The map (3.2), which respects the shuffle multiplication rule
φ(x1x2) = φ(x1) IIIφ(x2) , x1, x2 ∈ H , (3.4)
sends every motivic MZV to a non–commutative polynomial in the fi.
The motivic period matrix Fm, where all MZVs ζn1,...,nr are replaced by their motivic
objects ζmn1,...,nr , has been introduced and studied in [4]. Furthermore, in this reference
the map of Fm under φ has been computed, with the result:
φ(Fm) =
(
∞∑
k=0
fk2 P2k
) ∞∑
p=0
∑
i1,...,ip
∈2N++1
fi1fi2 . . . fip Mip . . .Mi2Mi1
 . (3.5)
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Besides, in [4] the motivic version of Gm has been introduced and an expression for φ(Gm)
has been given. We want to rewrite the latter in view of the recent work of Brown [8] and
eventually find a striking similarity between φ(Fm) and φ(Gm).
Similar to the construction of U in Ref. [8] Brown has introduced a model U sv for Hsv
via the the homomorphism
sv : U ′ −→ U ′ , (3.6)
with
w 7−→
∑
uv=w
u III v˜ , (3.7)
and v˜ being the reversal of the word v. For the image U sv under (3.6) we have the
isomorphism: Hsv ≃ U sv. For instance we have [8]
sv(fa) = 2fa , sv(fafb) = 2 (fafb + fbfa) ,
sv(fafbfc) = 2 (fafbfc + fafcfb + fcfafb + fcfbfa) ,
sv(fafbfcfd) = 2 (fafbfcfd + fafbfdfc + fafdfbfc + fafdfcfb
+ fdfafbfc + fdfafcfb + fdfcfafb + fdfcfbfa) ,
(3.8)
for the odd integers a, b, c, d. Evidently, we can extend the map (3.6) to U with:
sv(f2) = 0 . (3.9)
Let us now return to the matrix G, given in (2.9) and (2.15) and compute the image
φ(Gm). The latter has been given in [4] as:
φ(Gm) = S0
 ∞∑
p=0
∑
i1,...,ip
∈2N++1
Mi1Mi2 . . .Mip
p∑
k=0
fi1fi2 . . . fik IIIfipfip−1 . . . fik+1
 .
(3.10)
By making profit out of the map (3.6) and using relations like (3.8) we can cast (3.10) into
the compact form:
φ(Gm) = S0
 ∞∑
p=0
∑
i1,...,ip
∈2N++1
Mi1Mi2 . . .Mip sv(fi1fi2 . . . fip)
 . (3.11)
After comparing (3.11) with (3.5) and using (3.9) we find:
φ(Gm) = S0 sv(φ(F
m)) . (3.12)
9
Finally, due to (3.12) the motivic open superstring amplitude Am
φ(Am) =
(
∞∑
k=0
fk2 P2k
) ∞∑
p=0
∑
i1,...,ip
∈2N++1
fi1 . . . fip Mip . . .Mi1
 A , (3.13)
and the motivic closed superstring amplitude Mm
φ(Mm) = At S0
 ∞∑
p=0
∑
i1,...,ip
∈2N++1
Mi1 . . .Mip sv(fi1 . . . fip)
 A , (3.14)
respectively, can be related as follows:
φ(Mm) = At S0 sv(φ(A
m)) , (3.15)
with the intersection matrix S0 defined in (2.10) and the vector A of Yang–Mills subam-
plitudes introduced in (2.3). Eqs. (3.12) and (3.15) represent the corresponding relations
(2.21) and (2.23) in terms of the Hopf algebra (3.1), respectively. Note, that the map φ can
be inverted. Hence, not any information on the motivic amplitudes Am or Mm is lost by
considering the objects φ(Am) and φ(Mm) and the full (motivic) superstring amplitudes
(2.3) and (2.8) can be recovered from the images φ(Am) and φ(Mm), respectively.
To conclude, the image (3.5) of the motivic period matrix Fm under φ is the uniform
form for both the open and closed superstring amplitude.
4. Deligne associator and closed superstring amplitudes
In his recent work [8] Brown has identified SVMZVs as elements of the Deligne associ-
ator [13], i.e. the coefficients of the latter are the values of SVMPs at one. In this Section
we argue, that the Deligne associator carries the relevant information on the closed su-
perstring amplitude and allows to extract the form of the N–point closed superstring
amplitude. Furthermore, we give an explicit representation of the Deligne associator in
terms of Gamma functions modulo squares of commutators of the underlying Lie alge-
bra. This form of the associator can be interpreted as the four–point closed superstring
amplitude.
The unique solution to the KZ equation3 [21]
d
dz
Le0,e1(z) = Le0,e1(z)
(
e0
z
+
e1
1− z
)
, (4.1)
3 Partial differential equations based on Lie algebras appear in the context of conformal field
theory.
10
with the generators e0 and e1 of the free Lie algebra g can be be given as generating series
of multiple polylogarithms as [6]
Le0,e1(z) =
∑
w∈{e0,e1}×
Lw(z) w , (4.2)
with the symbol w ∈ {e0, e1}
× denoting a non–commutative word w1w2 . . . in the letters
wi ∈ {e0, e1}.
The generating series of SVMPs is defined by [6]
Le0,e1(z) = L−e0,−e′1(z)
−1 Le0,e1(z) , (4.3)
where e′1 is determined recursively by the following fixed–point equation
Z(−e0,−e
′
1) e
′
1 Z(−e0,−e
′
1)
−1 = Z(e0, e1) e1 Z(e0, e1)
−1 , (4.4)
with the Drinfeld associator Le0,e1(1) ≡ Z(e0, e1). The latter is given by the non–
commutative generating series of (shuffle-regularized) MZVs [22]
Z(e0, e1) =
∑
w∈{e0,e1}×
ζ(w) w = 1 + ζ2 [e0, e1] + ζ3 ( [e0, [e0, e1]]− [e1, [e0, e1] )
+ ζ4
(
[e0, [e0, [e0, e1]]]−
1
4
[e0, [e1, [e0, e1]]] + [e1, [e1, [e0, e1]]] +
5
4
[e0, e1]
2
)
+ ζ2 ζ3
(
[e0, e1] ( [e0, [e0, e1]]− [e1, [e0, e1] )− [e0, [e1, [e0, [e0, e1]]]]
+ [e0, [e1, [e1, [e0, e1]]]]
)
+ ζ5
(
[e0, [e0, [e0, [e0, e1]]]]−
1
2
[e0, [e0, [e1, [e0, e1]]]]
−
3
2
[e1, [e0, [e0, [e0, e1]]]] + (e0 ↔ e1)
)
+ . . . , (4.5)
with ζ(e1e
n1−1
0 . . . e1e
nr−1
0 ) = ζn1,...,nr , the shuffle product ζ(w1)ζ(w2) = ζ(w1 IIIw2) and
ζ(e0) = 0 = ζ(e1).
The Deligne canonical associator W is related to the Drinfeld associator Z through
the following equation [8]
W ◦ σZ = Z , (4.6)
with the Ihara action ◦ and the anti–linear map σ : C〈e0, e1〉 → C〈e0, e1〉 with σ(ei) 7→ −ei.
The equation (4.6) can be solved recursively in length of words as [8]:
W (e0, e1) =
σZ(e0,We1W
−1)−1 Z(e0, e1) . (4.7)
The unique solution to (4.4) is e′1 = We1W
−1. As a consequence, Eqs. (4.3) and (4.7)
allow to express the Deligne associator W as [8]:
L(1) =W (e0, e1) = Z(−e0,−e
′
1)
−1 Z(e0, e1) . (4.8)
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In analogy to the motivic version of the Drinfeld associator (4.5)
Zm(e0, e1) =
∑
w∈{e0,e1}×
ζm(w) w (4.9)
in Ref. [8] Brown has given the motivic single–valued associator as a generating series
Wm(e0, e1) =
∑
w∈{e0,e1}×
ζmsv(w) w , (4.10)
whose period map per gives the Deligne associator W (e0, e1). Note, that the motivic
SVMZVs ζmsv(w) satisfy the same double shuffle and associator relations than the motivic
MZVs ζm(w). Hence, in a first step we can work out the sum (4.10) in the same way as
(4.9) by applying various shuffle and associator relations, in the second step we replace
the symbols ζm(w) by ζmsv(w). Finally, in the last step the latter are replaced thanks to
relations such as (the motivic versions of) (2.18) and (2.14). As a result we obtain:
Wm(e0, e1) = 1 + 2 ζ
m
3 ([e0, [e0, e1]]− [e1, [e0, e1]) + 2 ζ
m
5
(
[e0, [e0, [e0, [e0, e1]]]]
−
1
2
[e0, [e0, [e1, [e0, e1]]]]−
3
2
[e1, [e0, [e0, [e0, e1]]]] + (e0 ↔ e1)
)
+ . . . .
(4.11)
The associator Z is group–like. Therefore, its logarithm lnZ can be expressed as a
Lie series in the elements e0 and e1. Due to Drinfeld we have [10]
lnZ(e0, e1) =
∑
k,l≥1
zkl ukl mod g
′′ , (4.12)
with (adxy = [x, y])
ukl = (−1)
k adk−1e1 ad
l−1
e0
[e0, e1] , (4.13)
and g′′ = [[g, g], [g, g]] the second commutant of the Lie algebra g. The coefficients zkl are
extracted from the generating function
Γ(1− u) Γ(1− v)
Γ(1− u− v)
= 1 +
∑
k,l≥1
zkl u
k vl
= 1− ζ2 u v − ζ3 u v(u+ v)− ζ4 u v(u
2 +
1
4
uv + v2) + . . . ,
(4.14)
which in turn gives rise to
lnZ(e0, e1) = −(uv)
−1
(
Γ(1− u) Γ(1− v)
Γ(1− u− v)
− 1
)
[e0, e1] mod g
′′ , (4.15)
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with:
u = −ade1 , v = ade0 . (4.16)
Furthermore, we have
Z(e0, e1) = 1− (uv)
−1
(
Γ(1− u) Γ(1− v)
Γ(1− u− v)
− 1
)
[e0, e1] mod (g
′)2 , (4.17)
which reproduces (4.5) up to squares of commutators (g′)2 = [g, g]2.
In Ref. [11] by making use of the Ihara bracket [23]
{x, y} = [x, y] +Dxy −Dyx , x, y ∈ g , (4.18)
with the derivations
Dye0 = 0 , Dye1 = [e1, y] , (4.19)
the Drinfeld associator (4.5) has been written in a form, which very much resembles the
structure of the period matrix F , given in (2.4). In particular, the terms Qn containing
the MZVs of depth greater than one are accompanied by Ihara brackets. In a limit, where
the latter vanishes, a correspondence can be established between the four–point open
superstring amplitude A
A(1, 2, 3, 4) =
Γ(1 + s) Γ(1 + u)
Γ(1 + s+ u)
A , (4.20)
with the two kinematic invariants s = α′(k1+k2)
2 and u = α′(k1+k4)
2 and the associator.
If we work modulo g′′ then a commutative realization of the Ihara bracket is established
and (4.20) can be related to (4.15) [11].
A natural question is, whether the four–point closed superstring amplitude (2.8) can
be related to the Deligne associator W (e0, e1). The four–graviton amplitude (2.8)
M(1, 2, 3, 4) = G |A|2 , (4.21)
can be obtained from (2.9)
G = S0 exp
−2 ∑
n≥1
ζ2n+1 M2n+1
 , (4.22)
with
M2n+1 = −
1
2n+ 1
[
s2n+1 + u2n+1 − (s+ u)2n+1
]
, (4.23)
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and the normalization:
S0 = −pi
su
s+ u
. (4.24)
Hence, we have:
M(1, 2, 3, 4) = |S0|
Γ(s) Γ(u) Γ(−s − u)
Γ(−s) Γ(−u) Γ(s+ u)
|A|2 . (4.25)
In the case under consideration the expansion (2.15) of (4.22) becomes rather simple, all
Qsv(n) disappear and the commutator brackets become trivial.
By borrowing the arguments given below Eq. (4.10) the (motivic) Deligne associator
(4.10) can also be cast in a form, where MZVs of depth greater than one are accompanied
by Ihara brackets. Note, that this step essentially amounts to replacing ζm by ζmsv in the
(motivic) Drinfeld associator written in terms of the Ihara bracket along the lines of [11].
After these steps we find
Wm(e0, e1) = 1 + ζ
m
sv(3) w3 + ζ
m
sv(5) w5 +
1
2
ζmsv(3)
2 (w3 ◦w3) + ζ
m
sv(7) w7
+
1
5
ζmsv(3, 5) {w5, w3}+ ζ
m
sv(3) ζ
m
sv(5) (w5 ◦ w3) + ζ
m
sv(9) w9
+
1
3!
ζmsv(3)
3 ((w3 ◦ w3) ◦ w3) +
(
3
14
ζmsv(5)
2 +
1
14
ζmsv(3, 7)
)
{w7, w3}
+ ζmsv(3) ζ
m
sv(7) (w7 ◦ w3) +
1
2
ζmsv(5)
2 (w5 ◦ w5) + . . . , (4.26)
with the abbreviations [11]:
w3 = [e0, [e0, e1]]− [e1, [e0, e1]] ,
w5 = [e0, [e0, [e0, [e0, e1]]]]−
1
2
[e0, [e0, [e1, [e0, e1]]]]−
3
2
[e1, [e0, [e0, [e0, e1]]]]
+ (e0 ↔ e1) . (4.27)
In (4.26) we have introduced the right action of g as:
x ◦ y = xy −Dyx , y ∈ g, x ∈ U(g) . (4.28)
Obviously, in this form (4.26) the Deligne associator is very similar to sv(Fm), given in
(2.20), i.e. Wm ≃ sv(Fm). Comparing (4.26) and (2.20) amounts to replace the words
w2r+1 by the matrices M2r+1 and the action ◦ by the matrix product. The Ihara bracket
{w2r1+1, w2r2+1} = w2r1+1 ◦ w2r2+1 − w2r2+1 ◦ w2r2+1 is replaced by matrix commuta-
tor [M2r1+1,M2r2+1]. Hence, to find a correspondence between (4.25) and the Deligne
associator, we also need to work in a commutative realization of the Ihara bracket, i.e.
modulo g′′.
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In this limit, based on the closed superstring amplitude (4.25) we conjecture the
following expression for the Deligne associator W (e0, e1)
lnW (e0, e1) =
∑
k,l≥1
wkl ukl mod g
′′, (4.29)
with the coefficients wkl extracted from the generating function:
−
Γ(−u) Γ(−v) Γ(u+ v)
Γ(u) Γ(v) Γ(−u− v)
= 1 +
∑
k,l≥1
wkl u
k vl
= 1− 2 ζ3 u v(u+ v)− 2 ζ5 u v(u+ v)(u
2 + uv + v2)
+ 2 ζ23 u
2 v2(u+ v)2 + . . . .
(4.30)
With (4.30) the sum (4.29) gives:
lnW (e0, e1) = 2 ζ3 ([e0, [e0, e1]]− [e1, [e0, e1]) + . . . . (4.31)
Eqs. (4.29) and (4.30) can be combined into:
lnW (e0, e1) = (uv)
−1
(
Γ(−u) Γ(−v) Γ(u+ v)
Γ(u) Γ(v) Γ(−u− v)
+ 1
)
[e0, e1] mod g
′′ , (4.32)
which gives rise to:
W (e0, e1) = 1 + (uv)
−1
(
Γ(−u) Γ(−v) Γ(u+ v)
Γ(u) Γ(v) Γ(−u− v)
+ 1
)
[e0, e1] mod (g
′)2 . (4.33)
Expanding (4.33) w.r.t. u and v reproduces the Deligne associator W (e0, e1) modulo
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squares of commutators (g′)2:
W (e0, e1) = 1 + 2 ζ3 ([e0, [e0, e1]]− [e1, [e0, e1]) + 2 ζ5
(
[e0, [e0, [e0, [e0, e1]]]]
− 2 [e1, [e0, [e0, [e0, e1]]]] + 2 [e1, [e1, [e0, [e0, e1]]]]− [e1, [e1, [e1, [e0, e1]]]]
)
+ 2 ζ23
(
[e1, [e1, [e1, [e0, [e0, e1]]]]] + [e1, [e0, [e0, [e0, [e0, e1]]]]]
− 2 [e1, [e1, [e0, [e0, [e0, e1]]]]]
)
+ . . . .
(4.34)
4 Note, that expanding (4.33) yields the ζ5– and ζ
2
3–terms displayed, which modulo squares of
commutators (g′)2 agree with the exact terms: 2ζ5
(
[e0, [e0, [e0, [e0, e1]]]]−
1
2
[e0, [e0, [e1, [e0, e1]]]]−
3
2
[e1, [e0, [e0, [e0, e1]]]]+(e0 ↔ e1)
)
and 2ζ23
(
w23−[e0, [e0, [e1, w3]]]+[e1, [e0, [e1, w3]]]+[[e1, w3], [e0, e1]]
)
,
respectively. Here, w3 is defined in (4.27).
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Note, that the form (4.34) agrees with the motivic version (4.11) subject to the period
map per. It can be verified, that the expressions (4.32) and (4.15) indeed fulfill (4.8), i.e.
lnW (e0, e1) = − lnZ(−e0,−e
′
1) + lnZ(e0, e1) mod g
′′, (4.35)
modulo double commutators and e′1 =We1W
−1. This relation (4.35) can be checked order
by order in a basis of MZVs.
To conclude, the motivic Deligne associator (4.11) written explicitly as (4.26) assumes
the same formal expansion (2.20) as the relevant piece of the closed superstring amplitude,
i.e. Wm ≃ sv(Fm). Furthermore, the Deligne associator (4.33) (modulo squares of com-
mutators (g′)2) assumes a similar form as the four–graviton amplitude (4.25) just as the
Drinfeld associator resembles the four–gluon amplitude [11]. The relation (4.6) should
be interpreted as Kawai–Lewellen–Tye (KLT) relation for the associators. It should be
straightforward to use the Deligne associator (4.8) as a tool for setting up recursion rela-
tions for general N–graviton amplitudes in lines of [12].
5. Concluding remarks
In this work we have revisited the α′–expansion of the closed superstring amplitude
(graviton amplitude) at tree–level with particular emphasis on its underlying algebraic
structure and transcendentality properties.
We have found a striking similarity (2.23) between the open and closed superstring
amplitudes communicated by the homomorphism (2.17). After mapping the motivic open
and closed superstring amplitudes onto a non–commutative Hopf–algebra this analogy is
given by (3.15) and established by the map (3.6). In other words, through the relations
(2.23) or (3.15) the closed superstring amplitude is obtained from the open superstring
amplitude by some truncation realized by the maps (2.17) or (3.6), respectively. In the
writings (2.3) and (2.22) (or (3.13) and (3.14)) the α′–expansions of the tree–level open
and closed superstring amplitude take an uniform form suggesting an even deeper connec-
tion between gauge and gravity amplitudes than what is implied by KLT relations [14].
Anyhow, an apparent similarity between perturbative gauge– and gravity–theories is es-
tablished in field–theory through the double copy construction [24] and in string theory
through the Mellin correspondence furnishing a superstring/supergravity resemblance [25].
Furthermore, recently interesting uniform descriptions of gauge– and gravity amplitudes
in field–theory have been presented in [26].
The relation (2.23) relates two very different superstring amplitudes by the map (2.17).
It would be interesting to understand the role of the map sv at the level of the perturbation
theory of open and closed strings or from the nature of the underlying string world–sheets.
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Note, that a large class of Feynman integrals in four space–time dimensions lives in the
subspace of SVMZVs or SVMPs, cf. Refs. [27,28]. As pointed out by Brown in [8],
this fact opens the interesting possibility to replace general amplitudes with their single–
valued versions (defined by the map sv), which should lead to considerable simplifications.
In string theory this simplification occurs by replacing gluon amplitudes (2.3) (or (3.13))
with their single–valued versions describing graviton amplitudes (2.22) (or (3.14)), which
seem to be considerably simpler.
We have identified the Deligne associator (4.11) to carry the relevant information
on the closed superstring amplitude. Modulo squares of commutators for the Deligne
associator we have presented a closed form (4.33) in terms of Gamma functions and have
argued, that it is related to the four–point closed superstring amplitude very much in
the sense as the Drinfeld associator can be related to the four–point open superstring
amplitude [11]. Hence, the relation (4.7), which defines the Deligne associator as a product
of two Drinfeld associators (at different arguments), might be interpreted as sort of KLT
relation for associators. It would certainly be interesting to understand better such an
interpretation.
Through the Γσ–decomposition Bσ(s, u) =
Γ(s)Γ(u)
Γ(s+u) , σ ∈ GT the Drinfeld associator
(4.15) is related to the structure of the Lie algebra of the Grothendieck–Teichmu¨ller group
GT [29]. The latter plays a role in revealing the underlying Lie algebra structure of the
open superstring amplitude. Hence, the Deligne associator (4.32) should be related to the
underlying algebra of the α′–expansion of closed superstring amplitude, cf. also Refs. [30]
for related research.
Finally, the structure underlying the motivic open and closed superstring amplitudes
in terms of a Hopf algebra is not only a tool to conveniently express these amplitudes but
rather seems to be an intrinsic feature, which might allow to compute the latter by first
principles. Eventually, some or all aspects of string perturbation theory might be reduced
to algebraic methods based on arithmetic algebraic geometry.
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